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Abstract

In this paper, transversal nonlinear vibration of an axially moving viscoelastic string supported by a partial viscoelastic

guide is analytically investigated. The string is traveling under time-variant velocity, which includes a mean velocity along

with small harmonic fluctuations. The model of the viscoelastic guide is also a parallel combination of springs and viscous

dampers. The governing partial-differential equation is derived from Hamilton’s principle and geometrical relations. The

method of multiple scales is applied to the governing partial-differential equation to obtain solvability conditions for both

non-resonance and principal parametric resonance cases. Additionally, in the case of principal parametric resonance, the

stability and bifurcation of trivial and non-trivial steady-state responses are analyzed through the Routh–Hurwitz

criterion. Eventually, numerical simulations are presented to highlight the effects of mean velocity, guide length, stiffness

and damping coefficient of the guide and viscosity coefficient of the string on the natural frequencies, stability, frequency-

response curves and bifurcation points of the system.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Axially moving systems can be simple models of many engineering devices, such as paper sheets, power
transition chains, fiber textiles, band saw blades, magnetic tapes and conveyor belts.

A significant amount of research has been carried out on axially moving systems in various pieces of
literatures. Wickert [1] considered nonlinear vibration of an axially moving beam in sub- and supercritical
traveling velocity. Stylianou and Tabarrok [2] obtained numerical solutions of an axially moving beam
through the finite element method (FEM). They have also investigated the effects of tip mass and high
frequency of axial motion fluctuations on transverse vibrations of the system. Stylianou and Tabarrok [3] used
FEM to examine the effects of wall flexibility, damping and tip support on the stability of the system.
Furthermore, Oz et al. [4] investigated the transition behavior between a string and a beam using the
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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perturbation method. Pakdemirli et al. [5] investigated the transverse vibration of an axially moving string
through the Galerkin method and by discretizing the equations. Pakdemirli and Ozkay [6] used the method of
multiple scales and obtained a boundary layer solution for an axially moving beam under constant speed.
Pellicano and Zirilli [7] analyzed the oscillation of an axially moving beam under an assumption of weak
nonlinearities. Parker [8] examined the stability of an axially moving string supported by a discrete elastic
guide. Chakraborty et al. [9] studied free and forced responses of a nonlinear traveling slender beam. Oz and
Pakdemirli [10] investigated the vibrations of an axially moving beam under time-variant velocity. They used
the multiple-scales methods to investigate principal parametric resonances in detail. Oz et al. [11] investigated
the nonlinear vibration and stability of an axially moving beam with time-variant velocity. They used the
multiple-scales method to obtain solvability conditions for three cases. Chen et al. [12] obtained a bifurcation
diagram versus dynamic viscosity, transport speed and periodic perturbation for a string. Shin et al. [13]
investigated the vibrations of a membrane using the Galerkin method to discretize the equations of motion
and investigate the effects of system parameters on the natural frequencies, mode shapes and stability of a
system. Zhang and Chen [14] investigated the nonlinear behavior of an axially moving viscoelastic string.
Chen and Zhao [15] investigated the transverse vibration of an axially moving beam under a low axial speed.
Chen et al. [16] solved the transverse vibration equations of an axially moving string through the modified
finite difference method. Chen and Yang [17] considered an axially moving viscoelastic beam under time-
variant velocity. Kartik and Wickert [18] investigated the forced vibration of an axially moving strip, which is
guided by a partial elastic foundation and edge imperfection. Chen and Yang [19] considered two models of
nonlinear vibration of an axially moving beam, and then they compared the results of the two models.
Marynowski and Kapitaniak [20] considered an axially moving beam as a three-parameter Zener element.
They then used the Galerkin method to discretize the equations of motion. Ha et al. [21] investigated chaos
and bifurcation of a three-dimensional moving viscoelastic string. Ghayesh [22] compared nonlinear vibration
and stability conditions of two dynamic models of axially moving Timoshenko beams. Ghayesh and Khadem
[23] investigated rotary inertia and temperature effects on nonlinear vibration of an axially moving beam.

From all the above-mentioned researches, it can be concluded that the vast majority of researches were
devoted to the beam model of axially moving materials [1–4,6,7,9–11,15,17,19,20,22,23], and the others
considered the string model [5,8,12,14,16,18,21]. Axially moving materials can also be modeled as a plate, shell
and membrane [13].

In the classical models of axially moving systems, the traveling speed is assumed to be constant with respect
to time [1,7,8], whereas some other recent researches state that the speed is assumed to be time variant
[10,11,17,19,22,23]. In such cases, the speed is comprised of a mean velocity along with small harmonic
fluctuations.

Axially moving materials can also be modeled as linear [4,8,10,18] or nonlinear [1,7,9,11] systems. Although
the nonlinear systems are difficult to deal with analytically, they can explain the model behavior with more
precision than linear ones.

Since, considering that the energy-dissipative mechanisms in axially moving materials make models more
close to reality, viscoelascity, as an effective approach to model the energy-dissipative mechanisms, was
considered in Refs. [14,17].

In the following, the transversal nonlinear vibration and stability of an axially moving viscoelastic string
supported by a partial viscoelastic guide are investigated analytically. After deriving the governing partial-
differential equation of motion, the multiple-scales method is applied and stability conditions are obtained
through the Ruth–Hurwitz criterion. Finally, the numerical simulations are presented to show the effects of
system parameters on the natural frequencies, stability and bifurcation points of the system.

2. Equations of motion

A viscoelastic string, which is supported by a viscoelastic guide is depicted in Fig. 1. This string, with an
axial stiffness of EA, is under applied pretension of T and a time-variant transport speed of v(t�).

To derive the equations of motion through the energy method, three segments of the string will be
considered. The first segment is the span where 0ox�oa, the second is the span where aox�oðaþ bÞ and the
third is the span where ðaþ bÞox�oðaþ bþ cÞ.
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Fig. 1. An axially moving viscoelastic string on a partial viscoelastic guide.
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The equations of motion will further be obtained for each segment in the upcoming sections.
Considering only transversal displacement, the kinetic energy in the span 0ox�oa, is given by

Ta ¼
1

2
rA

Z a

0

qu�

qt�
þ v

qu�

qx�

� �2

dx� (1)

in which x� and u�ðx�; t�Þ are the spatial variable and transversal displacement of the string, respectively. Also,
the nonlinear disturbed strain of an infinitesimal element of the string, as well as the potential energy of the
whole system, are found by

�x� ¼
1

2

qu�

qx�

� �2

, (2)

Ua ¼

Z a

0

1

2
T

qu�

qx�

� �2

þ
1

8
EA

qu�

qx�

� �4
 !

dx�. (3)

In the Kelvin–Voigt model for viscoelastic materials, the constitution relation is

s ¼ E�x� þ Ẑ
q�x�

qt�
, (4)

where s, �x� and Ẑ are the distributed stress, distributed strain and viscosity coefficient of the string,
respectively.

The variation of work of the non-conservative force due to the viscosity of the string can be written
as [12,14,17]

ðdwncÞ
visco
a ¼

Z a

0

q
qx�

Ẑ
q�x�

qt�
qu�

qx�

� �
du� dx�

¼

Z a

0

ẐA
q3u�

qx�
2qt�

qu�

qx�

� �2

þ 2
q2u�

qx�
2

qu�

qx�
q2u�

qx�qt�

" #
du� dx�. (5)

Then the governing equation of the span 0ox�oa can be derived through Hamilton’s principal:Z t�
2

t�
1

dTa � dUa þ ðdwncÞ
visco
a

� �
dt� ¼ 0. (6)

Substitution of Eqs. (1), (2) and (5) into Eq. (6) will lead to

rA
q2u�

qt�
2 þ

qv

qt�
qu�

qx�
þ 2v

q2u�

qx�qt�
þ v2 �

T

rA

� �
q2u�

qx�
2

� �

¼
3

2
EA

qu�

qx�

� �2 q2u�

qx�
2 þ ẐA

q3u�

qx�
2qt�

qu�

qx�

� �2

þ 2
q2u�

qx�
2

qu�

qx�
q2u�

qx�qt�

" #
. (7)
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Introducing dimensionless quantities

û ¼ u�=ðaþ bþ cÞ,

x ¼ x�=ðaþ bþ cÞ,

t ¼ t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T=rAðaþ bþ cÞ2

q
,

cvðtÞ ¼ v
ffiffiffiffiffiffiffiffiffiffiffiffiffi
rA=T

p
(8)

and simplifying Eq. (7), one has

q2û

qt2
þ

qcv

qt

qû

qx
þ 2cv

q2û
qxqt
þ ðc2v � 1Þ

q2û

qx2
¼

3

2
m2

qû

qx

� �2 q2û
qx2
þ Z

q3û

qx2qt

qû

qx

� �2

þ 2
q2û
qx2

qû

qx

q2û
qxqt

" #
(9)

in which

m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
EA=T

p
,

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ẑ2A=Trðaþ bþ cÞ2

q
. (10)

Using transformation û ¼
ffiffi
�
p

uðaÞ (e51) and substituting it into Eq. (9) one has

q2uðaÞ

qt2
þ

qcv

qt

quðaÞ

qx
þ 2cv

q2uðaÞ

qxqt
þ ðc2v � 1Þ

q2uðaÞ

qx2

¼
3

2
m2�

quðaÞ

qx

� �2
q2uðaÞ

qx2
þ Z�

q3uðaÞ

qx2qt

quðaÞ

qx

� �2

þ 2
q2uðaÞ

qx2

quðaÞ

qx

q2uðaÞ

qxqt

" #
. (11)

Eq. (11) is the governing equation of motion of the span 0ox�oa or ð0oxoa=ðaþ bþ cÞÞ. The governing
equation of the span ðaþ bÞox�oðaþ bþ cÞ or ðaþ b=ðaþ bþ cÞoxo1Þ can be derived using a similar
procedure of Eqs. (1)–(11). Then the equation of motion of the span ðaþ bÞox�oðaþ bþ cÞ is of the form

q2uðcÞ

qt2
þ

qcv

qt

quðcÞ

qx
þ 2cv

q2uðcÞ

qxqt
þ ðc2v � 1Þ

q2uðcÞ

qx2

¼
3

2
m2�

quðcÞ

qx

� �2
q2uðcÞ

qx2
þ Z�

q3uðcÞ

qx2qt

quðcÞ

qx

� �2

þ 2
q2uðcÞ

qx2

quðcÞ

qx

q2uðcÞ

qxqt

" #
. (12)

For the span aox�oðaþ bÞ, which is subjected to the viscoelastic guide, i.e. a parallel combination of the
springs and viscous dampers, the kinetic and potential energy will be in the form

Tb ¼
1

2
rA

Z aþb

a

qu�

qt�
þ v

qu�

qx�

� �2

dx�, (13)

Ub ¼

Z aþb

a

1

2
T

qu�

qx�

� �2

þ
1

8
EA

qu�

qx�

� �4
 !

dx� þ
1

2

Z aþb

a

ku�
2

dx� (14)

in which k is the stiffness coefficient per unit length of the guide.
The variation of the work of the non-conservative force due to the viscosity of the guide can be illustrated as

ðdwncÞ
g
¼ �

Z aþb

a

ẑ
qu�

qt�
þ v

qu�

qx�

� �
du� dx�, (15)

where ẑ is the damping coefficient per unit length of the guide.
The variation of the work due to the viscosity of the string can be illustrated by the form of Eq. (5), i.e.

ðdwncÞ
visco
b ¼

Z aþb

a

q
qx�

Ẑ
q�x�

qt�
qu�

qx�

� �
du� dx� ¼

Z aþb

a

ẐA
q3u�

qx�
2qt�

qu�

qx�

� �2

þ 2
q2u�

qx�
2

qu�

qx�
q2u�

qx�qt�

" #
du� dx�. (16)
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Then using Eqs. (13)–(16), Hamilton’s principle will lead toZ t�
2

t�
1

ðdTb � dUb þ ðdwncÞ
g
þ ðdwncÞ

visco
b Þdt� ¼ 0, (17)

rA
q2u�

qt�
2 þ

qv

qt�
qu�

qx�
þ 2v

q2u�

qx�qt�
þ v2 �

T

rA

� �
q2u�

qx�
2

� �
þ ku� þ ẑ

qu�

qt�
þ v

qu�

qx�

� �

¼
3

2
EA

qu�

qx�

� �2 q2u�

qx�
2 þ ẐA

q3u�

qx�
2qt�

qu�

qx�

� �2

þ 2
q2u�

qx�
2

qu�

qx�
q2u�

qx�qt�

" #
. (18)

Using dimensionless quantities of Eqs. (8), Eq. (18) can be rewritten as

q2û

qt2
þ

qcv

qt

qû

qx
þ 2cv

q2û

qxqt
þ ðc2v � 1Þ

q2û

qx2
þ k2ûþ z

qû

qt
þ cv

qû

qx

� �

¼
3

2
m2

qû

qx

� �2 q2û

qx2
þ Z

q3û
qx2qt

qû

qx

� �2

þ 2
q2û

qx2

qû

qx

q2û
qxqt

" #
(19)

in which

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðaþ bþ cÞ2=T

q
,

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẑ
2
ðaþ bþ cÞ2=rAT

q
. (20)

Transformation of û ¼
ffiffi
�
p

uðbÞ ð�51Þ makes Eq. (19) in the form

q2uðbÞ

qt2
þ

qcv

qt

quðbÞ

qx
þ 2cv

q2uðbÞ

qxqt
þ ðc2v � 1Þ

q2uðbÞ

qx2
þ k2uðbÞ þ z

quðbÞ

qt
þ cv

quðbÞ

qx

� �

¼
3

2
m2�

quðbÞ

qx

� �2
q2uðbÞ

qx2
þ Z�

q3uðbÞ

qx2qt

quðbÞ

qx

� �2

þ 2
q2uðbÞ

qx2

quðbÞ

qx

q2uðbÞ

qxqt

" #
. (21)

As mentioned above, the string is moving with a time-variant velocity, which is comprised of a harmonic
velocity about a constant mean velocity, i.e.

cvðtÞ ¼ cþ �c0 sinðatÞ (22)

in which a is the frequency of varying speed, c is the mean velocity and ec0 is amplitude of the speed.
Substitution of Eq. (22) into Eq. (11), for the span 0ox�oa, into Eq. (21) for the span aox�oaþ b, and

into Eq. (12), for the span aþ box�oaþ bþ c, respectively, will lead to

q2uðaÞ

qt2
þ ð�c0a cosðatÞÞ

quðaÞ

qx
þ 2ðcþ �c0 sinðatÞÞ

q2uðaÞ

qxqt
þ ðc2 � 1þ �2c20 sin

2
ðatÞ þ 2�cc0 sinðatÞÞ

q2uðaÞ

qx2

¼
3

2
m2�

quðaÞ

qx

� �2
q2uðaÞ

qx2
þ Z�

q3uðaÞ

qx2qt

quðaÞ

qx

� �2

þ 2
q2uðaÞ

qx2

quðaÞ

qx

q2uðaÞ

qxqt

" #
, (23)

q2uðbÞ

qt2
þ ð�c0a cosðatÞÞ

quðbÞ

qx
þ 2ðcþ �c0 sinðatÞÞ

q2uðbÞ

qxqt
þ ðc2 � 1þ �2c20 sin

2
ðatÞ

þ 2�cc0 sinðatÞÞ
q2uðbÞ

qx2
þ k2uðbÞ þ z

quðbÞ

qt
þ ðcþ �c0 sinðatÞÞ

quðbÞ

qx

� �

¼
3

2
m2�

quðbÞ

qx

� �2
q2uðbÞ

qx2
þ Z�

q3uðbÞ

qx2qt

quðbÞ

qx

� �2

þ 2
q2uðbÞ

qx2

quðbÞ

qx

q2uðbÞ

qxqt

" #
, (24)
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q2uðcÞ

qt2
þ ð�c0a cosðatÞÞ

quðcÞ

qx
þ 2ðcþ �c0 sinðatÞÞ

q2uðcÞ

qxqt
þ ðc2 � 1þ �2c20 sin

2
ðatÞ þ 2�cc0 sinðatÞÞ

q2uðcÞ

qx2

¼
3

2
m2�

quðcÞ

qx

� �2
q2uðcÞ

qx2
þ Z�

q3uðcÞ

qx2qt

quðcÞ

qx

� �2

þ 2
q2uðcÞ

qx2

quðcÞ

qx

q2uðcÞ

qxqt

" #
. (25)

3. Direct multiple-scales method

The straightforward expansion techniques fail to correctly represent a proper solution for problems, which
have secular terms. This deficiency is overcome by permitting the solution to be a function of multiple
independent time variables, or scales [24].

In the method of multiple scales, one assumes the expansion in the form [25–27]

uðjÞðx; t; �Þ ¼ u
ðjÞ
0 ðx;T0;T1Þ þ �u

ðjÞ
1 ðx;T0;T1Þ þ � � � ; j ¼ a; b; c (26)

in which T0 ¼ t and T1 ¼ et.
Substitution of Eq. (26) into Eqs. (23) and (25) yields

Oð�0Þ : D2
0u
ðjÞ
0 þ 2cD0

qu
ðjÞ
0

qx

 !
þ ðc2 � 1Þ

q2u
ðjÞ
0

qx2
¼ 0; j ¼ a; c, (27)

Oð�1Þ : D2
0u
ðjÞ
1 þ 2cD0

qu
ðjÞ
1

qx

 !
þ ðc2 � 1Þ

q2uðjÞ1
qx2
¼ �2D0D1u

ðjÞ
0 � c0a cosðatÞ

�
qu
ðjÞ
0

qx
� 2c0 sinðatÞD0

qu
ðjÞ
0

qx

 !
� 2cD1

qu
ðjÞ
0

qx

 !
� 2cc0 sinðatÞ

q2u
ðjÞ
0

qx2

þ
3

2
m2

qu
ðjÞ
0

qx

 !2
q2uðjÞ0
qx2
þ Z D0

q2uðjÞ0
qx2

 !
qu
ðjÞ
0

qx

 !2

þ 2
q2uðjÞ0
qx2

qu
ðjÞ
0

qx
D0

qu
ðjÞ
0

qx

 !2
4

3
5; j ¼ a; c, (28)

where D0 ¼ d/dT0 and D1 ¼ d/dT1.
For the span aox�oaþ b, which is supported by the distributed viscoelastic guide, Eqs. (24) and (26) will

lead to

Oð�0Þ : D2
0u
ðbÞ
0 þ 2cD0

qu
ðbÞ
0

qx

 !
þ ðc2 � 1Þ

q2u
ðbÞ
0

qx2
þ k2uðbÞ0 þ z D0u

ðbÞ
0 þ c

qu
ðbÞ
0

qx

 !
¼ 0, (29)

Oð�1Þ : D2
0u
ðbÞ
1 þ 2cD0

qu
ðbÞ
1

qx

 !
þ ðc2 � 1Þ

q2uðbÞ1
qx2
þ k2u

ðbÞ
1 þ z D0u

ðbÞ
1 þ c

qu
ðbÞ
1

qx

 !

¼ �2D0D1u
ðbÞ
0 � c0a cosðatÞ �

qu
ðbÞ
0

qx
� 2c0 sinðatÞ �D0

qu
ðbÞ
0

qx

 !

� 2cD1

qu
ðbÞ
0

qx

 !
� 2cc0 sinðatÞ �

q2u
ðbÞ
0

qx2

� zD1u
ðbÞ
0 � zc0 sinðatÞ �

qu
ðbÞ
0

qx
þ

3

2
m2

qu
ðbÞ
0

qx

 !2
q2uðbÞ0
qx2

þ Z D0
q2uðbÞ0
qx2

 !
qu
ðbÞ
0

qx

 !2

þ 2
q2u
ðbÞ
0

qx2

qu
ðbÞ
0

qx
D0

qu
ðbÞ
0

qx

 !2
4

3
5. (30)
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4. Mode shapes of the system

One supposes that the solution of Eq. (27) is in the form [10,11,17,19,22,23]

u
ðjÞ
0 ðx;T0;T1Þ ¼

X1
n¼1

½AnðT1Þe
ionT0uðjÞn ðxÞ þ AnðT1Þe

�ionT0 uðjÞn ðxÞ�; j ¼ a; b; c, (31)

where An is the nth amplitude, uðjÞn ðxÞ the nth complex mode shape and on the nth natural frequency.
To obtain the nth complex mode shape, uðjÞn ðxÞ, for the span which is not subjected to the viscoelastic guide,

substituting Eq. (31) into Eq. (27), one has

ð1� c2Þ
d2uðjÞn

dx2
� 2icon

duðjÞn

dx
þ o2

nuðjÞn ¼ 0; j ¼ a; c. (32)

Assuming the solution of Eq. (32) of the exponential form

uðjÞn ðxÞ ¼ eimnx; j ¼ a; c. (33)

Eq. (32) will lead to

m1n ¼
�on

cþ 1
; m2n ¼

on

1� c
. (34)

Then using Eqs. (33) and (34), the nth complex mode shape for the spans 0ox�oa and aþ box�oaþ

bþ c will be obtained as

uðjÞn ðxÞ ¼ c
ðjÞ
1ne

im1nx þ c
ðjÞ
2ne

im2nx; j ¼ a; c (35)

in which c
ðjÞ
1n and c

ðjÞ
2n are constants.

For the span where aox�oaþ b, which is subjected to the viscoelastic guide, substitution of Eq. (31) into
Eq. (29) leads to

ð1� c2Þ
d2uðbÞn

dx2
� ð2ion þ zÞc

duðbÞn

dx
þ ðo2

n � zion � k2ÞuðbÞn ¼ 0. (36)

One assumes that the mode shape, uðbÞn , is of the form uðbÞn ðxÞ ¼ expðijnxÞ; then Eq. (36) leads to

j1n;2n ¼
izc� 2con �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4k2ðc2 � 1Þ þ 4o2

n � 4ionz� z2c2
q

2ðc2 � 1Þ
. (37)

Through Eq. (37), the nth complex mode shape for the span aox�oaþ b becomes

uðbÞn ðxÞ ¼ c
ðbÞ
1n e

ij1nx þ c
ðbÞ
2n e

ij2nx (38)

in which c
ðbÞ
1n and c

ðbÞ
2n are constants.

Replacing the mean velocity by minus one in Eq. (37), will lead to uðbÞnn , which will be used in the following
sections. To determine the constants of the above equations, the boundary and compatibility conditions of the
system at x� ¼ a; aþ b; aþ bþ c must be satisfied, i.e.

c
ðaÞ
1n þ c

ðaÞ
2n ¼ 0, (39)

c
ðcÞ
1ne

im1nðaþbþcÞ þ c
ðcÞ
2ne

im2nðaþbþcÞ ¼ 0, (40)

c
ðaÞ
1n e

im1na þ c
ðaÞ
2n e

im2na ¼ c
ðbÞ
1n e

ij1na þ c
ðbÞ
2n e

ij2na, (41)

c
ðbÞ
1n e

ij1nðaþbÞ þ c
ðbÞ
2n e

ij2nðaþbÞ ¼ c
ðcÞ
1ne

im1nðaþbÞ þ c
ðcÞ
2ne

im2nðaþbÞ, (42)

c
ðaÞ
1n im1ne

im1na þ c
ðaÞ
2n im2ne

im2na ¼ c
ðbÞ
1n ij1ne

ij1na þ c
ðbÞ
2n ij2ne

ij2na, (43)

c
ðbÞ
1n ij1ne

ij1nðaþbÞ þ c
ðbÞ
2n ij2ne

ij2nðaþbÞ ¼ c
ðcÞ
1n im1ne

im1nðaþbÞ þ c
ðcÞ
2n im2ne

im2nðaþbÞ. (44)
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Assuming c
ðcÞ
2n is equal to unity, other coefficients can be obtained through the process of elimination in

Eqs. (39)–(44); then one has

c
ðbÞ
1n ¼

m1n � j2n

j2n � j1n

� �
exp i ðm2n � m1nÞðaþ bþ cÞ þ ðm1n � j1nÞðaþ bÞ

	 
� �
þ

j2n � m2n

j2n � j1n

� �
exp i ðm2n � j1nÞðaþ bÞ

	 
� �
, (45)

c
ðbÞ
2n ¼

j1n � m1n

j2n � j1n

� �
exp i ðm2n � m1nÞðaþ bþ cÞ þ ðm1n � j2nÞðaþ bÞ

	 
� �
þ

m2n � j1n

j2n � j1n

� �
exp i ðm2n � j2nÞðaþ bÞ

	 
� �
, (46)

c
ðaÞ
1n ¼

m2n � j1n

m2n � m1n

� �
m1n � j2n

j2n � j1n

� �
exp iððj1n � m1nÞaþ ðm2n � m1nÞðaþ bþ cÞ þ ðm1n � j1nÞðaþ bÞÞ
� �

þ
m2n � j1n

m2n � m1n

� �
j2n � m2n

j2n � j1n

� �
exp iððj1n � m1nÞaþ ðm2n � j1nÞðaþ bÞÞ
� �

þ
m2n � j2n

m2n � m1n

� �
j1n � m1n

j2n � j1n

� �
exp iððj2n � m1nÞaþ ðm2n � m1nÞðaþ bþ cÞ þ ðm1n � j2nÞðaþ bÞÞ
� �

þ
m2n � j2n

m2n � m1n

� �
m2n � j1n

j2n � j1n

� �
exp iððj2n � m1nÞaþ ðm2n � j2nÞðaþ bÞÞ
� �

, (47)

c
ðaÞ
2n ¼

j1n � m1n

m2n � m1n

� �
m1n � j2n

j2n � j1n

� �
exp½iððj1n � m2nÞaþ ðm2n � m1nÞðaþ bþ cÞ þ ðm1n � j1nÞðaþ bÞÞ�

þ
j1n � m1n

m2n � m1n

� �
j2n � m2n

j2n � j1n

� �
exp½iððj1n � m2nÞaþ ðm2n � j1nÞðaþ bÞÞ�

þ
j2n � m1n

m2n � m1n

� �
j1n � m1n

j2n � j1n

� �
exp½iððj2n � m2nÞaþ ðm2n � m1nÞðaþ bþ cÞ þ ðm1n � j2nÞðaþ bÞÞ�

þ
j2n � m1n

m2n � m1n

� �
m2n � j1n

j2n � j1n

� �
exp½iððj2n � m2nÞaþ ðm2n � j2nÞðaþ bÞÞ�, (48)

c
ðcÞ
1n ¼ �e

iðm2n�m1nÞðaþbþcÞ. (49)

Substituting Eqs. (45)–(49) into Eqs. (35) and (38), mode shapes of the system can be easily obtained.

5. Solvability conditions

This section is devoted to obtain solvability conditions for the non-resonance and principal parametric
resonance cases.

To investigate the solvability conditions, the generality of u
ðaÞ
0 , u

ðbÞ
0 and u

ðcÞ
0 will not be lost if only the nth

mode of vibration is considered [10,11,17,19,22,23]:

u
ðjÞ
0 ðx;T0;T1Þ ¼ AnðT1Þe

ionT0uðjÞn ðxÞ þ AnðT1Þe
�ionT0uðjÞn ðxÞ; j ¼ a; b; c. (50)

Substitution of Eq. (50) into Eqs. (28) and (30) will lead to

Oð�1Þ : D2
0u
ðjÞ
1 þ 2cD0

qu
ðjÞ
1

qx

 !
þ ðc2 � 1Þ

q2uðjÞ1
qx2

¼ 3m2A2
nAn

1

2
u0
ðjÞ
n

� �2
u00
ðjÞ
n þ u00

ðjÞ
n u0
ðjÞ
n u0
ðjÞ
n

� �
� 2 _An ionuðjÞn þ cu0

ðjÞ
n

� �� �
expðionT0Þ
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þ �
1

2
c0au0

ðjÞ
n � c0onu0

ðjÞ
n þ icc0u00

ðjÞ
n

� �
An expðiðaþ onÞT0Þ þ �

1

2
c0au0

ðjÞ
n þ c0onu0

ðjÞ
n þ icc0u

00ðjÞ
n

� �

� An expðiða� onÞT0Þ þ ZA2
nAnion 2u00

ðjÞ
n u0
ðjÞ
n u0
ðjÞ
n þ u00

ðjÞ
n u0

ðjÞ
n

� �2� �
expðionT0Þ þ ccþNST; j ¼ a; c,

(51)

Oð�1Þ : D2
0u
ðbÞ
1 þ 2cD0

qu
ðbÞ
1

qx

 !
þ ðc2 � 1Þ

q2uðbÞ1
qx2
þ k2u

ðbÞ
1 þ z D0u

ðbÞ
1 þ c

qu
ðbÞ
1

qx

 !

¼ 3m2A2
nAn

1

2
u0
ðbÞ
n

� �2
u00
ðjÞ
n þ u00

ðbÞ
n u0

ðbÞ
n u0

ðbÞ
n

� �
� 2 _An ionuðbÞn þ cu0

ðbÞ
n

� �
� z _AnuðbÞn

� �
expðionT0Þ

þ �
1

2
c0au0

ðbÞ
n � c0onu0

ðbÞ
n þ icc0u

00ðbÞ
n þ

1

2
zic0u0

ðbÞ
n

� �
An expðiðaþ onÞT0Þ

þ �
1

2
c0au0

ðbÞ
n þ c0onu0

ðbÞ
n þ icc0u

00ðbÞ
n þ

1

2
zic0u0

ðbÞ
n

� �
An expðiða� onÞT0Þ

þ ZA2
nAnion 2u00

ðbÞ
n u0

ðbÞ
n u0

ðbÞ
n þ u00

ðbÞ
n u0

ðbÞ
n

� �2� �
expðionT0Þ þ ccþNST (52)

in which the prime and the dot denote, respectively, derivation with respect to spatial variable x and slow time
variable T1.

The solvability condition demands that every solution of the homogeneous part of Eqs. (51) and (52) must
be orthogonal to its right-hand side [27]. Then, from Eqs. (51) and (52), the solvability condition for the non-
resonance case will be

_Anð2a2 þ za4Þ � A2
nAnð3m2a1 þ Ziona3Þ ¼ 0 (53)

in which

a1 ¼
1

2

Z a=ðaþbþcÞ

0

u0
ðaÞ
n

� �2
u00
ðaÞ
n uðaÞn þ 2u00

ðaÞ
n u0

ðaÞ
n u0

ðaÞ
n uðaÞn

� �
dx

(

þ

Z 1

ðaþbÞ=ðaþbþcÞ

u0
ðcÞ
n

� �2
u00
ðcÞ
n uðcÞn þ 2u00

ðcÞ
n u0

ðcÞ
n u0

ðcÞ
n uðcÞn

� �
dx

þ

Z ðaþbÞ=ðaþbþcÞ

a=ðaþbþcÞ

u0
ðbÞ
n

� �2
u00
ðbÞ
n uðbÞnn þ 2u00

ðbÞ
n u0

ðbÞ
n u0

ðbÞ
n uðbÞnn

� �
dx

)
, (54)

a2 ¼
Z a=ðaþbþcÞ

0

ionuðaÞn uðaÞn þ cu0
ðaÞ
n uðaÞn

h i
dxþ

Z 1

ðaþbÞ=ðaþbþcÞ

ionuðcÞn uðcÞn þ cu0
ðcÞ
n uðcÞn

h i
dx

þ

Z ðaþbÞ=ðaþbþcÞ

a=ðaþbþcÞ

ionuðbÞn uðbÞnn þ cu0
ðbÞ
n uðbÞnn

h i
dx; (55)

a3 ¼
Z a=ðaþbþcÞ

0

2u00
ðaÞ
n u0

ðaÞ
n u0

ðaÞ
n uðaÞn þ u00

ðaÞ
n u0

ðaÞ
n

� �2
uðaÞn

� �
dx

þ

Z 1

ðaþbÞ=ðaþbþcÞ

2u00
ðcÞ
n u0

ðcÞ
n u0

ðcÞ
n uðcÞn þ u00

ðcÞ
n u0

ðcÞ
n

� �2
uðcÞn

� �
dx

þ

Z ðaþbÞ=ðaþbþcÞ

a=ðaþbþcÞ

2u00
ðbÞ
n u0

ðbÞ
n u0

ðbÞ
n uðbÞnn þ u00

ðbÞ
n u0

ðbÞ
n

� �2
uðbÞnn

� �
dx; (56)
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a4 ¼
Z ðaþbÞ=ðaþbþcÞ

a=ðaþbþcÞ

uðbÞn uðbÞnn dx. (57)

In the case of principal parametric resonance, using Eqs. (51) and (52) and assuming a ¼ 2on þ �s in which
s is the detuning parameter, one has

_Anð2a2 þ za4Þ � A2
nAnð3m2a1 þ Ziona3Þ � c0a5An expðisT1Þ ¼ 0, (58)

where

a5 ¼ on �
1

2
a

� � Z a=ðaþbþcÞ

0

u0
ðaÞ
n uðaÞn dxþ

Z ðaþbÞ=ðaþbþcÞ

a=ðaþbþcÞ

u0
ðbÞ
n uðbÞnn dxþ

Z 1

ðaþbÞ=ðaþbþcÞ

u0
ðcÞ
n uðcÞn dx

( )

þ ic̄

Z a=ðaþbþcÞ

0

u00
ðaÞ
n uðaÞn dxþ

Z ðaþbÞ=ðaþbþcÞ

a=ðaþbþcÞ

u00
ðbÞ
n uðbÞnn dxþ

Z 1

ðaþbÞ=ðaþbþcÞ

u00
ðaÞ
n uðcÞn dx

( )

þ
1

2
zi
Z ðaþbÞ=ðaþbþcÞ

a=ðaþbþcÞ

u0
ðbÞ
n uðbÞnn dx. (59)

6. Stability

In this section, stability conditions of the principal parametric resonance case will be discussed. After
constructing the Jacobian matrix and evaluating the eigenvalues, the Routh–Hurwitz criterion will be used to
obtain the local stability conditions.

To cover the goals mentioned above, Eq. (58) can be rewritten in the form of the following equation:

_An � A2
nAnðm2ma þ ZZaÞ � c0caAn expðisT1Þ ¼ 0, (60)

where

ma ¼
3a1

ð2a2 þ za4Þ
, (61)

Za ¼
iona3

ð2a2 þ za4Þ
, (62)

ca ¼
a5

ð2a2 þ za4Þ
. (63)

Assuming An of the polar form

AnðT1Þ ¼
1
2
anðT1Þe

ibnðT1Þ (64)

and substituting it into Eq. (60) will lead to the modulation equations

a0n ¼
1
4
a3

nðm
2mar þ ZZarÞ þ c0anðcar cos gn � cai sin gnÞ, (65)

g0nan ¼ san �
1
2
a3

nðm
2mai þ ZZaiÞ � 2c0anðcar sin gn þ cai cos gnÞ, (66)

where

ma ¼ mar þ imai

Za ¼ Zar þ iZai

ca ¼ car þ icai

gn ¼ sT1 � 2bn

8>>>><
>>>>:

9>>>>=
>>>>;
. (67)

Stationary responses of the system will be one of its equilibrium points, and so when all derivatives
with respect to the slow time variable is equal to zero, Eqs. (65) and (66) result in the first detuning parameter,
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s1, and the second detuning parameter, s2,

s1;2 ¼
1

2
a2

nðm
2mai þ ZZaiÞ � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c20ðc

2
ar þ c2aiÞ �

1

4
a2

nðm2mar þ ZZarÞ

� �2s
. (68)

The Jacobian matrix of the system can also be constructed as

~J ¼
3
4

a2
nðm

2mar þ ZZarÞ þ c0ðcar cos gn � cai sin gnÞ �c0anðcar sin gn þ cai cos gnÞ

�anðm2mai þ ZZaiÞ �2c0ðcar cos gn � cai sin gnÞ

" #
. (69)

Using the modulation equations, evaluating eigenvalues of the Jacobian matrix results in

l2 � a2
nðm

2mar þ ZZarÞlþ
1
4a

4
nðm

2mar þ ZZarÞ
2
þ 1

4a
4
nðm

2mai þ ZZaiÞ
2

� 1
2
a2

nsðm
2mai þ ZZaiÞ ¼ 0. (70)

Then for the first and the second detuning parameters, s1 and s2, the eigenvalue equations become

l2 � a2
nðm

2mar þ ZZarÞlþ
1

4
a4

nðm
2mar þ ZZarÞ

2

þ a2
nðm

2mai þ ZZaiÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c20ðc

2
ar þ c2aiÞ �

1

4
a2

nðm2mar þ ZZarÞ

� �2s
¼ 0, (71)

l2 � a2
nðm

2mar þ ZZarÞlþ
1

4
a4

nðm
2mar þ ZZarÞ

2

� a2
nðm

2mai þ ZZaiÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c20ðc

2
ar þ c2aiÞ �

1

4
a2

nðm2mar þ ZZarÞ

� �2s
¼ 0. (72)

From Eqs. (71) and (72), through the Routh–Hurwitz criterion, the stability conditions for the first and the
second detuning parameters, respectively, become

�
4c0jcaj

a2
n

om2mar þ ZZaro
4c0jcaj

a2
n

ðm2mar þ ZZarÞo0

ðm2mai þ ZZaiÞ40

8>>><
>>>:

9>>>=
>>>;
, (73)

�
4c0jcaj

a2
n

om2mar þ ZZaro
4c0jcaj

a2
n

ðm2mar þ ZZarÞo0

ðm2mai þ ZZaiÞo0

8>>><
>>>:

9>>>=
>>>;
. (74)

7. Numerical simulations

In this section, the numerical simulations are presented to show the effectiveness of analytic solutions. The
objectives of this section are to investigate the mean velocity, stiffness and damping coefficients of the guide,
guide length, nonlinearity and the viscosity coefficients of the string on the natural frequencies, stability,
frequency-response curves and bifurcation points of the system.

Using Eqs. (39)–(44) and applying the solvability conditions for non-trivial solutions of c
ðjÞ
1n and c

ðjÞ
2n, j ¼ a, b,

c one can obtain the natural frequencies of the system.
In Table 1, the first natural frequency of the system is depicted in terms of the guide stiffness and the mean

velocity variations for the case, in which z ¼ 4.32, a ¼ 0.2, b ¼ 0.7, c ¼ 0.1. Table 1 shows that the increasing
mean velocity will decrease the first natural frequency while the increasing stiffness factor of the guide
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increases the first natural frequency of the system. Table 2 shows the effects of the guide stiffness and mean
velocity on the second natural frequency of the system. As can be concluded from Table 3, the natural
frequencies of the system decrease when the guide length decreases. In Tables 4 and 5, the effects of damping
coefficient of the guide on the first and the second natural frequencies of the system are shown. Tables 4 and 5
demonstrate that increasing not only the mean velocity but also the damping coefficient factor of the guide will
lead to a reduction in the first and the second natural frequencies of the system.

Frequency-response curves of the system in the principal parametric resonance case are shown in Fig. 2 for
the various stiffness factors of the guide (k). There are two bifurcation points in the system: the first
bifurcation point is located at s ¼ s1, in which a stable non-trivial solution bifurcates from the trivial solution,
and the second one is located at s ¼ s2, where an unstable non-trivial solution bifurcates from an unstable
trivial solution. In Fig. 2, the curves which correspond to k ¼ 1, 2.3, 3.1, the slope of curves and
instability areas of trivial solutions are, respectively, 1/59.65, 1/34.61, 1/20.27 and 4.98, 3.9, 2.9. Therefore,
numerical simulations show that the increasing stiffness factor of the guide makes the first bifurcation point
Table 1

The first natural frequency, o1, versus the mean velocity and stiffness factor of the guide ðz ¼ 4:32; a ¼ 0:2; b ¼ 0:7; c ¼ 0:1Þ

c k ¼ 3.26 k ¼ 4.38 k ¼ 4.9 k ¼ 6.3

0.00 3.995896 4.903906 5.351239 6.593561

0.04 3.975585 4.893549 5.340749 6.582296

0.08 3.954800 4.872178 5.318837 6.558345

0.12 3.923669 4.839797 5.285503 6.521711

0.16 3.882199 4.796401 5.240737 6.472381

0.20 3.830396 4.741976 5.184515 6.410334

0.24 3.768264 4.676499 5.116804 6.335543

0.28 3.695805 4.599938 5.037559 6.247987

0.32 3.613020 4.512256 4.946731 6.147668

0.36 3.519911 4.413411 4.844265 6.034638

0.40 3.416481 4.303359 4.730112 5.909053

0.44 3.302743 4.182065 4.604242 5.771274

0.48 3.178719 4.049512 4.466668 5.622075

0.52 3.044452 3.905732 4.317498 5.463109

0.56 2.900030 3.750850 4.157019 5.298154

0.60 2.745608 3.585177 4.143289 5.137255

Table 2

The second natural frequency, o2, versus the mean velocity and stiffness factor of the guide ðz ¼ 4:32; a ¼ 0:2; b ¼ 0:7; c ¼ 0:1Þ

c k ¼ 3.26 k ¼ 4.38 k ¼ 4.9 k ¼ 6.3

0.00 6.768561 7.272739 7.537504 8.312787

0.04 6.750871 7.254746 7.519262 8.293423

0.08 6.713211 7.216663 7.480811 8.253204

0.12 6.655587 7.158484 7.422133 8.192055

0.16 6.578005 7.080202 7.343208 8.109882

0.20 6.480477 6.981811 7.244014 8.006563

0.24 6.363014 6.863303 7.124522 7.881935

0.28 6.225637 6.724668 6.984695 7.735779

0.32 6.068367 6.565897 6.824485 7.567793

0.36 5.891233 6.386972 6.643828 7.377553

0.40 5.694275 6.187870 6.442633 7.164433

0.44 5.477539 5.968559 6.220770 6.927484

0.48 5.241089 5.728984 5.978045 6.665170

0.52 4.985009 5.469063 5.714159 6.374822

0.56 4.709412 5.188656 5.428627 6.051239

0.60 4.414457 4.887533 5.120621 5.682246
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Table 3

The first and the second natural frequencies, o1 and o2, versus the a ðz ¼ 3:5; k ¼ 3:26; c ¼ 0:2; b ¼ 0:6Þ

a o1 o2

0.00 4.067299430 6.239204336

0.04 4.065443427 6.235469899

0.08 4.056664201 6.222854966

0.12 4.036614811 6.203965510

0.16 4.002692449 6.185640109

0.20 3.954979439 6.171814256

0.24 3.895616021 6.159362007

0.28 3.827000720 6.142122461

0.32 3.750414007 6.118589673

0.36 3.665841315 6.094450115

0.40 3.572713654 6.077373174

0.44 3.470970105 6.070659388

0.48 3.361797643 6.070955508

0.52 3.247601645 6.070097507

0.56 3.131357135 6.059162252

0.60 3.015928948 6.031857895

Table 4

The first natural frequency, o1, versus the mean velocity and damping coefficient of the guide ðk ¼ 3:9; a ¼ 0:2; b ¼ 0:6; c ¼ 0:2Þ

c z ¼ 0 z ¼ 3.5 z ¼ 5 z ¼ 8

0.00 3.998336830 3.692713939 3.32888994 1.662013030

0.04 3.993156458 3.687573575 3.32373484 1.655101895

0.08 3.977612972 3.672150891 3.30826800 1.634289688

0.12 3.951699153 3.646441049 3.28248470 1.599329785

0.16 3.915402658 3.610435836 3.24637702 1.549774293

0.20 3.868705506 3.564123422 3.19993370 1.484907131

0.24 3.811583322 3.507488016 3.14313999 1.403620323

0.28 3.744004255 3.440509425 3.07597757 1.304180887

0.32 3.665927483 3.363162494 2.99842441 1.183759554

0.36 3.577301159 3.275416478 2.91045490 1.037358055

0.40 3.478059598 3.177234361 2.81204029 0.854850405

0.44 3.368119365 3.068572291 2.70314979 0.609347447

0.48 3.247373807 2.949379402 2.58375299 0.606347407

0.52 3.115685220 2.819598688 2.45382467 0.580634747

0.56 2.972873430 2.679170354 2.31335413 0.560301680

0.60 2.818698690 2.528040753 2.16236299 0.540809810
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appear later and the second one appear sooner. Also, the bend of curves will decrease when the stiffness
factor increases.

The frequency-response curves of the system are shown in Fig. 3 for several values of the viscosity
coefficient of the string. It can be concluded from Fig. 3 that the locations of bifurcation points are not
affected by the viscosity coefficient of the string. In Fig. 3, the curves, which correspond to
Z ¼ 0; 0:5; 0:9 and 1:06, have slopes of 1=60:9; 1=57:89; 1=56:12 and 1=55:41. Then the increasing viscosity
coefficient of the string will lead to smaller slopes in curves.

In Fig. 4, the effects of the guide length on frequency-response curves are depicted. The slopes of curves and
the instability area of trivial solution for systems corresponding to b ¼ 0; 0:1; 0:3 are 1=153:32;
25em1=138:89; 1=101:18 and 6:00; 4:918; 2:66, respectively. Hence, as shown, both the slopes of curves and
the stability area of the trivial solution will increase when the guide length increases. In addition, since the
guide length does not affect the stability conditions of the system, then the curve corresponding to the first
detuning parameter is stable and the second one is unstable.



ARTICLE IN PRESS

Table 5

The second natural frequency, o2, versus the mean velocity and damping coefficient of the guide ðk ¼ 3:9; a ¼ 0:2; b ¼ 0:6; c ¼ 0:2Þ

c z ¼ 0 z ¼ 3.5 z ¼ 5 z ¼ 8

0.00 6.644114921 6.587626857 6.51963420 6.241738070

0.04 6.634038940 6.577661562 6.50973709 6.231798411

0.08 6.603810580 6.547767132 6.48004751 6.201976534

0.12 6.553428557 6.497947961 6.43057068 6.152263463

0.16 6.482890672 6.428211544 6.36131536 6.082643361

0.20 6.392193695 6.338568724 6.27229380 5.993092122

0.24 6.281333212 6.229034065 6.16352180 5.883575281

0.28 6.150303384 6.099626330 6.03501846 5.754045046

0.32 5.999096622 5.950369096 5.88680588 5.604436280

0.36 5.827703120 5.781291467 5.71890838 5.434661122

0.40 5.636110212 5.592428866 5.53135092 5.244601900

0.44 5.424301431 5.383823723 5.32415639 5.034101778

0.48 5.192255170 5.155525798 5.09734081 4.802952244

0.52 4.939942678 4.907591342 4.85090533 4.550875595

0.56 4.667325012 4.640079522 4.58482350 4.277497965

0.60 4.374348263 4.353042527 4.29902289 4.102149995
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Fig. 2. Frequency-response curve, stability and bifurcation point variations under the guide stiffness factor, k, variations

ðc ¼ 0:5; z ¼ 2:25; a ¼ 0:2; b ¼ 0:6; c ¼ 0:2; Z ¼ 0:1; m ¼ 2Þ, (s1: stable, s2: unstable).
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In Fig. 5, when the nonlinearity coefficient is equal to zero, the system is linear. Increasing the nonlinear
coefficient does not affect the instability area of trivial solutions, i.e. the locations of bifurcation points are
independent of the nonlinearity terms, while the slope of curves will be increased by increasing nonlinearity
term of the system.

The effects of speed fluctuation’s amplitude on the frequency-response curves of the system are depicted in
Fig. 6. With the increasing speed fluctuation’s amplitude, the first bifurcation point will occur earlier, while the
second will arise later. The stability of curves, which corresponds to the first and the second detuning
parameters, will not be affected by the variations of the speed fluctuation’s amplitude.

Fig. 7 shows the effects of the damping coefficient of the guide on the frequency-response curve of the
system. The increasing damping coefficient will change the locations of bifurcation points slightly; in other
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Fig. 3. Frequency-response curve, stability and bifurcation point variations under the string viscosity coefficient, Z, variations ðc ¼
0:5; z ¼ 2:25; k ¼ 1; a ¼ 0:2; b ¼ 0:6; c ¼ 0:2; m ¼ 2Þ (solid line: stable, dashed-line: unstable).

σ

a 1

-5 0 5

0

0.05

0.1

0.15

0.2

b=
0

b=
0

b=
0.
1

b=
0.
1

b=
0.
3

b=
0.
3

Fig. 4. Frequency-response curve, stability and bifurcation point variations under the guide length, b, variations

ðc ¼ 0:5; z ¼ 2:25; k ¼ 1; a ¼ 0:2; m ¼ 2; Z ¼ 0:1Þ.
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words, the instability area of the trivial solution will be increased, but the slopes of the curves will be decreased
by the increasing damping coefficient.

8. Summary and conclusions

In this paper, transversal nonlinear vibration and stability of a viscoelastic string supported by a partial
viscoelastic guide were investigated. The equations of motion were derived using Hamilton’s principle,
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Fig. 5. Frequency-response curve, stability and bifurcation point variations under the nonlinearity coefficient, m, variations ðc ¼ 0:5; z ¼
2:25; k ¼ 1; a ¼ 0:2; b ¼ 0:6; c ¼ 0:2; Z ¼ 0:1Þ (solid line: stable, dashed-line: unstable).
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Fig. 6. Frequency-response curve, stability and bifurcation point variations under the speed fluctuation’s amplitude, c0, variations

ðc ¼ 0:5; z ¼ 2:25; a ¼ 0:2; b ¼ 0:6; c ¼ 0:2; Z ¼ 0:65; m ¼ 2Þ.
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and solvability conditions were analyzed using the multiple-scales method. The stability conditions were
obtained through the Routh–Hurwitz criterion for the principal parametric resonance case. Eventually,
numerical simulations were carried out to show the effects of the system parameters on the natural
frequencies, stability, frequency-response curves and bifurcation points of the system. The more the mean
velocity the system experiences, the less the natural frequencies will arise, while the increasing stiffness factor
of the guide increases the natural frequencies of the system. The increasing stiffness factor of the guide also
makes the first bifurcation point appear later and the second one appear sooner. In addition, the bend of
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Fig. 7. Frequency-response curve, stability and bifurcation point variations under the damping coefficient of the guide, z, variations
ðc ¼ 0:5; k ¼ 3:26; a ¼ 0; b ¼ 1; c ¼ 0; Z ¼ 0:1; m ¼ 4Þ (s1: stable, s2: unstable).
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curves will decrease when the stiffness factor increases. The natural frequencies of the system decrease when
the guide length decreases. Both the slopes of curves and the stability area of the trivial solution will increase
when the guide length increases. Also, the guide length will not affect the stability conditions of the system;
then the curve corresponding to the first detuning parameter remains stable and the second one is unstable.

The increasing damping coefficient of the guide will lead to a reduction in the natural frequencies of the
system. It also changes the locations of bifurcation points slightly; in other words, the instability area of the
trivial solution will be increased, but the slopes of the curves will be decreased by the increasing damping
coefficient. With increasing speed fluctuation’s amplitude, the first bifurcation point will occur earlier, while
the second will arise later. The stability of curves corresponding to the first and the second detuning
parameters will not be affected by the variations of the speed fluctuation’s amplitude. The viscosity coefficient
variations of the string do not affect the locations of bifurcation points, while increasing the viscosity
coefficient of the string will lead to smaller slopes in curves. The locations of bifurcation points are
independent of nonlinearity terms, while the slope of curves will be increased by the increasing nonlinearity
term of the system.
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